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❡❞ ❛♣♦❝❡♥%4♦ ✭7❡ E ≥ 0✱ ❧✬❛♣♦❝❡♥%4♦ A ❛❧❧✬✐♥✜♥✐%♦✮❀
"#❛✐❡""♦#✐❛✿ φ = φ(r) ❞❛%♦ ❝❤❡ dφ = dt L
mr2
✱ ❧❛ ✭✷✳✽✮ ♣✉6 ❡77❡4❡ 4✐7❝4✐%%❛ ✐♥✿
dφ =
Ldr
r2
√
2m[E − V (r)− L2
2mr2
]
✭✷✳✾✮
❝❤❡ A ❧✬❡<✉❛③✐♦♥❡ ❞❡❧❧❧❛ %4❛✐❡%%♦4✐❛ ✐♥ ❝♦♦4❞✐♥❛%❡ ♣♦❧❛4✐✳
■♥✜♥❡✱ 7✐ ❞❛♥♥♦ ❧❡ ❡7♣4❡77✐♦♥✐ ❞❡❧❧❛✿
▲❛❣#❛♥❣✐❛♥❛ ✐♥ ❝♦♦#❞✐♥❛"❡ ♣♦❧❛#✐
L = m
2
(ṙ2 + r2φ̇2)− V (r) ✭✷✳✶✵✮
❍❛♠✐❧"♦♥✐❛♥❛ ✐♥ ❝♦♦#❞✐♥❛"❡ ♣♦❧❛#✐
H = m
2
(ṙ2 + r2φ̇2) + V (r) ✭✷✳✶✶✮
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7♦✈4❛♣♣♦7✐③✐♦♥❡ ❞✐♥❛♠✐❝❛ ❞❡❧ ❝♦♥%4✐❜✉%♦ ❞✐ ♦❣♥✐ 7✐♥❣♦❧♦ ♦❣❣❡%%♦ ❞❡❧ 7✐7%❡♠❛✳
◆♦♥ A ♣❡4%❛♥%♦ ♣♦77✐❜✐❧❡ ❞❡✜♥✐4❡ ✐❧ ❝❛♠♣♦ ✭❡❞ ✐❧ 7✉♦ ♣4♦♣4✐♦ ♣♦%❡♥③✐❛❧❡✮ ❛ ♣4✐♦4✐✱
❡77❡♥❞♦ <✉❡7%✐ ❞❡%❡4♠✐♥❛%✐ ❞❛❧ ♠♦%♦ ❞❡❣❧✐ ♦❣❣❡%%✐ ❝♦7%✐%✉❡♥%✐ ✐❧ 7✐7%❡♠❛ 7%❡77♦✳
◗✉❛♥❞♦ 7✐ ❤❛♥♥♦ ❞✉❡ ❝♦4♣✐ 4❡❝✐♣4♦❝❛♠❡♥%❡ ✐♥%❡4❛❣❡♥%✐ ♠❡❞✐❛♥%❡ ✉♥ ♣♦%❡♥③✐❛❧❡ ❝❤❡
✺
❞✐♣❡♥❞❡ ❞❛❧ ✈❡((♦*❡ ❞✐+(❛♥③❛ *❡❝✐♣*♦❝❛ ~r ≡ ~r1 − ~r2✱ ❧♦ +(✉❞✐♦ ❞❡❧ ♠♦(♦ ❝♦♥+❡❣✉❡♥(❡
♣*❡♥❞❡ ✐❧ ♥♦♠❡ ❞✐ ♣!♦❜❧❡♠❛ ❞❡✐ ❞✉❡ ❝♦!♣✐✳
❚❛❧✐ ❝♦*♣✐ +♦♥♦ +✉♣♣♦+(✐ ♣✉♥(✐❢♦*♠✐✱ ♦ ❝♦♠✉♥5✉❡ ❛ +✐♠♠❡(*✐❛ +❢❡*✐❝❛ ❡ ❞✐ ❞✐♠❡♥+✐♦♥✐
(*❛+❝✉*❛❜✐❧✐ *✐+♣❡((♦ ❛❧❧❛ ❧♦*♦ ❞✐+(❛♥③❛✳
❉❡✜♥✐❛♠♦✿
♣♦,✐③✐♦♥❡ ❞❡❧ ❝❡♥/!♦ ❞✐ ♠❛,,❛
~rM ≡
m1~r1 + m2~r2
m1 + m2
✭✷✳✶✷✮
♠❛,,❛ !✐❞♦//❛
µ ≡ m1m2
m1 + m2
=
m1m2
M
✱ ❞♦✈❡✿ M = m1 + m2 ✭✷✳✶✸✮
❙✐ ♣♦++♦♥♦ ❢❝✐❧♠❡♥(❡ ❞✐♠♦+(*❛*❡ ❧❡ ❞✉❡ ❛✛❡*♠❛③✐♦♥✐✿
✶✳ ✐♥ ✉♥ +✐+(❡♠❛ ❞✐ *✐❢❡*✐♠❡♥(♦ ✐♥❡*③✐❛❧❡✱ ✐♥ ❝✉✐ ✐❧ ❝❡♥(*♦ ❞✐ ♠❛++❛ (*❛+❧❛ ❞✐ ♠♦(♦
*❡((✐❧✐♥❡♦ ✉♥✐❢♦*♠❡✿
~r1 = ~rM +
m2
M
~r ✭✷✳✶✹✮
~r2 = ~rM −
m1
M
~r
✷✳ ✐♥ ♣❛*(✐❝♦❧❛*❡✱ +❡ ❧✬♦*✐❣✐♥❡ ❞❡❧ *✐❢❡*✐♠❡♥(♦ ❝♦✐♥❝✐❞❡ ❝♦♥ ~rM ✿
L = 1
2
m1‖̇~r1‖2 +
1
2
m2‖̇~r2‖2 − V (r)
❡✱ ♣❡* ❧❡ ❞❡✜♥✐③✐♦♥✐ ♣*❡❝❡❞❡♥(✐ ✭✷✳✶✷✮ ✭✷✳✶✸✮✱
L = 1
2
µ‖̇~r‖2 − V (r) ✭✷✳✶✺✮
■❧ ♣!♦❜❧❡♠❛ ❞❡✐ ❞✉❡ ❝♦!♣✐ 1 ❡2✉✐✈❛❧❡♥/❡ ❛❧ ♠♦/♦ ~r = ~r(t) ❞✐ ✉♥ ❝♦!♣♦ ❞✐
♠❛,,❛ µ ✐♥ ✉♥ ❝❛♠♣♦ ❝❡♥/!❛❧❡ ❧❛ ❝✉✐ ❡♥❡!❣✐❛ ♣♦/❡♥③✐❛❧❡ 1 V (r)✳
✷✳✸ ■❧ ♣&♦❜❧❡♠❛ ❞✐ ❑❡♣❧❡&♦
❆♣♣❧✐❝❛♥❞♦ ✐ *✐+✉❧(❛(✐ ♦((❡♥✉(✐ ♣*❡❝❡❞❡♥(❡♠❡♥(❡ ❛❧ ❝❛+♦ ❞✐ ✉♥ ♣♦"❡♥③✐❛❧❡ ♥❡✇"♦♥✐❛♥♦✱
❝♦♥ ❡+♣*❡++✐♦♥❡ ❞❡❧❧✬❡♥❡*❣✐❛ ♣♦(❡♥③✐❛❧❡ ❞❡❧ (✐♣♦✿ V (r) = −α/r✱ +✐ ❡♥(*❛ ♥❡❧ ❝❛♠♣♦
❞❡❧ ❝✳❞✳ ♣!♦❜❧❡♠❛ ❞✐ ❑❡♣❧❡!♦✳
◆❡❧ ❝❛+♦ ❞❡❧ ♣♦(❡♥③✐❛❧❡ ❣*❛✈✐(❛③✐♦♥❛❧❡✱ ❡✈✐❞❡♥(❡♠❡♥(❡ F✿ α = GMµ✳
✻
■♥"❡❣%❛♥❞♦ ❧✬❡+✉❛③✐♦♥❡ ❞❡❧❧❛ "%❛✐❡""♦%✐❛ ✭✷✳✾✮✱ ❞❡✜♥❡♥❞♦ ℓ ≡ L2/µα✱ e ≡
√
1 + (2EL2/µα2)✱
6✐ ♦""✐❡♥❡✿
ℓ
r
= 1 + e cos f
▲✬❡+✉❛③✐♦♥❡ ❞❡❧❧❛ "%❛✐❡""♦%✐❛ 9 ❝❤✐❛%❛♠❡♥"❡ +✉❡❧❧❛ ❞✐ ✉♥❛ 6❡③✐♦♥❡ ❝♦♥✐❝❛✱ ✐♥ ✉♥ 6✐6"❡♠❛
❞✐ %✐❢❡%✐♠❡♥"♦ ❛✈❡♥"❡ ✐❧ ❝❡♥"%♦ ♥❡❧ ❢✉♦❝♦ ♣✐@ ✈✐❝✐♥♦ ❛❧ ♣❡%✐❝❡♥"%♦✱ ✐♥ ❝✉✐ ℓ 9 ✐❧ 6❡♠✐
❧❛"✉6 %❡❝"✉6 ❡❞ e 9 ❧✬❡❝❝❡♥"%✐❝✐"A✳
f ≡ φ − φ0 9 ❧✬❛♥♦♠❛❧✐❛ ✈❡(❛✱ ♦66✐❛ ❧✬❛♥❣♦❧♦ ♠✐6✉%❛"♦ %✐6♣❡""♦ ❛❧❧❛ ♣♦6✐③✐♦♥❡ ❞❡❧
♣❡%✐❝❡♥"%♦ 6"❡66♦✳
❆ 6❡❝♦♥❞❛ ❞❡❧ 6❡❣♥♦ ❞❡❧❧✬❡♥❡%❣✐❛ "♦"❛❧❡ ❊✱ 6✐ ❤❛♥♥♦ ✐ 6❡❣✉❡♥"✐ ❝❛6✐✿
• E < 0 (e < 1)✿ ♦%❜✐"❛ ❡❧❧✐""✐❝❛❀
• E = 0 (e = 1)✿ ♦%❜✐"❛ ♣❛%❛❜♦❧✐❝❛❀
• E > 0 (e > 1)✿ ♦%❜✐"❛ ✐♣❡%❜♦❧✐❝❛✳
F%❡♥❞❡♥❞♦ ✐♥ ❝♦♥6✐❞❡%❛③✐♦♥❡ ❧❡ ♦%❜✐"❡ ❡❧❧✐""✐❝❤❡✱ ♦66✐❛ ✐ ♠♦"✐ ✜♥✐"✐✱ 6✐ ❤❛♥♥♦ ❧❡ 6❡❣✉❡♥"✐
%❡❧❛③✐♦♥✐✿
 ❡♠✐❛  ✐
a = ℓ/(1− e2) = α/2|E| ✭✷✳✶✻✮
b = ℓ/
√
1− e2 = L/
√
2µ|E| ✭✷✳✶✼✮
♣❡&✐❝❡♥)&♦ ❡❞ ❛♣♦❝❡♥)&♦ ❝♦♥ %✐❢❡%✐♠❡♥"♦ ❛❧❧❡ ✭✷✳✶✻✮✱ ✭✷✳✶✼✮✿
rapo = a(1 + e)
rper = a(1− e)
♣&✐♠❛ ❧❡❣❣❡ ❞✐ ❑❡♣❧❡&♦ ♥❡✐ ❝❛6✐ ✐♥ ❝✉✐ m2 ≪ m1✱ 9✿ µ ≈ m2✱ M ≈ m1✱ r1 ≈ 0✱
r2 ≈ r❀ 6✐ ❤❛ ❛❧❧♦%❛ ❧❛ ♣%✐♠❛ ❧❡❣❣❡ ❞✐ ❑❡♣❧❡%♦✿ ✏▲✬♦&❜✐)❛ ❞✐ ❝✐❛ ❝✉♥ ♣✐❛♥❡)❛
3 ✉♥❛ ❡❧❧✐  ❡ ❝♦♥ ✐❧  ♦❧❡ ✐♥ ✉♥♦ ❞❡✐  ✉♦✐ ❢✉♦❝❤✐✳✑
)❡&③❛ ❧❡❣❣❡ ❞✐ ❑❡♣❧❡&♦ ✉"✐❧✐③③❛♥❞♦ ❧❛ 6❡❝♦♥❞❛ ❧❡❣❣❡ ❞✐ ❑❡♣❧❡%♦ ✭✷✳✺✮ ❡ ❧❡ %❡❧❛③✐♦♥✐
✭✷✳✶✻✮✱ ✭✷✳✶✼✮✱ 6✐ ❤❛✿
Ldt = 2mdA =⇒ LT = 2mπab =⇒ T = 2πa3/2
√
m/α =⇒ T ∝ a3/2
◆❡❧ ❝❛6♦ ❞❡❧ ♣%♦❜❧❡♠❛ ❞❡✐ ❞✉❡ ❝♦%♣✐ ❣%❛✈✐"❛③✐♦♥❛❧❡✱ m = µ✱ α = GMµ✱ ❡ 6✐ ❤❛✿
T 2
a3
=
4π2
GM
✭✷✳✶✽✮
✼
ξ
r = a(1− e cos ξ)
t− τ =
√
µa3/α(ξ − e sin ξ)
τ
•
•
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❧♦#♦ ❝♦♥❣✐✉♥❣❡♥+❡✱ ♣✐❛♥♦ ①✲② ❝♦✐♥❝✐❞❡♥+❡ ❝♦♥ ✐❧ ♣✐❛♥♦ ♦#❜✐+❛❧❡ ❞✐ ♣#✐♠❛#✐♦ ❡ -❡❝♦♥✲
❞❛#✐♦✳
▲❛ ♠❛--❛ ❞❡❧ -❡❝♦♥❞❛#✐♦✱ #✐❢❡#✐+❛ ❛❧❧❛ ♠❛--❛ +♦+❛❧❡ M ✱ F µ∗ = m2/M ✲ ❞❛ ♥♦♥ ❝♦♥✲
❢♦♥❞❡#❡ ❝♦♥ ❧❛ ♠❛--❛ #✐❞♦++❛ ❞❡❧ ♣#♦❜❧❡♠❛ ❞❡✐ ❞✉❡ ❝♦#♣✐✳ ▲❛ +❡#♥❛ ❞✐ #✐❢❡#✐♠❡♥+♦
✭①✱②✱③✮ F #❡❧❛+✐✈❛ ❛❧❧❛ ♣♦-✐③✐♦♥❡ ❞❡❧❧❛ ♣❛#+✐❝❡❧❧❛✲+❡-+ ✐♥ +❛❧❡ -✐-+❡♠❛ ❞✐ #✐❢❡#✐♠❡♥+♦✳
■♥"❡❣%❛❧❡ ♣%✐♠♦ ❞✐ ❏❛❝♦❜✐
❉❡✜♥✐+♦ ✐❧ ♣♦"❡♥③✐❛❧❡ ❣*❛✈✐"❛③✐♦♥❛❧❡ ❡✣❝❛❝❡
Ueff = φ̇
2
x2 + y2
2
− U = φ̇2x
2 + y2
2
+
Gm1
R1
+
Gm2
R2
✭✷✳✷✶✮
-✐ ❤❛✿
CJ = 2Ueff − (ẋ2 + ẏ2 + ż2) ✭✷✳✷✷✮
CJ F ✉♥✬✐♥+❡❣#❛❧❡ ❞❡❧ ♠♦+♦✱ ❞❡++♦ ✐♥"❡❣%❛❧❡ ♣%✐♠♦ ❞✐ ❏❛❝♦❜✐ ❡❞ F ❞❡✜♥✐+♦ ❞❛❧❧❡
❝♦♥❞✐③✐♦♥✐ ✐♥✐③✐❛❧✐ ❞❡❧ ♠♦+♦ ~r0 ❡ ~v0✳
✾
❘❡❣✐♦♥✐ ❞✐ ❍✐❧❧ ❡ )✉♣❡,✜❝✐ ❞✐ ③❡,♦ ✈❡❧♦❝✐12
❊!!❡♥❞♦ v2 = 2Ueff − CJ ✱ ✐❧ ♠♦*♦ ♣♦*,- ❛✈✈❡♥✐,❡ !♦❧♦ ♥❡❧❧❡ ,❡❣✐♦♥✐ ✐♥ ❝✉✐ v2 ≥ 0❀
*❛❧✐ ,❡❣✐♦♥✐ !✐ ❝❤✐❛♠❛♥♦  ❡❣✐♦♥✐ ❞✐ ❍✐❧❧✱ ❡ !♦♥♦ ❞❡❧✐♠✐*❛*❡ ❞❛ !✉♣❡,✜❝✐ ✐♥ ❝✉✐ v 6
♥✉❧❧❛ ✭,✐!♣❡**♦ ❛❧ !✐!*❡♠❛ ❞✐ ,✐❢❡,✐♠❡♥*♦ !✐♥♦❞✐❝♦ !❝❡❧*♦✦✮✱ ❞❡**❡ )✉♣❡ ✜❝✐ ❞✐ ③❡ ♦✲
✈❡❧♦❝✐12✳
▲❛ ✜❣✉,❛ ✐♥❞✐❝❛ ✉♥❛ !❡③✐♦♥❡ ❞✐ *❛❧✐ !✉♣❡,✜❝✐ ♣❡, ❞✐✈❡,!✐ ✈❛❧♦,✐ ❞✐ CJ ✱ ❞❡❝,❡!❝❡♥*✐ ❞❛❧
,✐>✉❛❞,♦ ✐♥ ❛❧*♦ ❛ !✐♥✐!*,❛ ✭✷✳✺✮ ❛ >✉❡❧❧♦ ✐♥ ❜❛!!♦ ❛ ❞❡!*,❛ ✭✶✳✹✷✮✳
▲❡ ,❡❣✐♦♥✐ ❞✐ ❍✐❧❧ !♦♥♦ ❧❡ ❛,❡❡ ❜✐❛♥❝❤❡ ❞❡❧ ❣,❛✜❝♦✳
✶✵
 ✉♥#✐ ❞✐ ❧✐❜(❛③✐♦♥❡
■ ♣✉♥$✐ L1 ÷ L5 ♥❡❧❧❛ ✜❣✉+❛ ,♦♥♦ ♣✉♥$✐ ❞✐ ❡/✉✐❧✐❜+✐♦ ✭~v = 0 ❡ ~̇v = 0✮✱ ❞❡$$✐ ♣✉♥#✐ ❞✐
❧✐❜(❛③✐♦♥❡ ❧❛❣(❛♥❣✐❛♥✐✳ ■ ♣✉♥$✐ L1 ÷ L3 ✭♣✉♥$✐ ❝♦❧❧✐♥❡❛'✐ ✮ ,♦♥♦ ✐♥$+✐♥,❡❝❛♠❡♥$❡
✐♥,$❛❜✐❧✐✱ ♠❡♥$+❡ L4 ❡❞ L5✭♣✉♥$✐ ('✐❛♥❣♦❧❛'✐ ✮✱ ♣❡+ µ∗ < 0.03852 ,♦♥♦ ,$❛❜✐❧✐✱ ❡❞
❛♠♠❡$$$♦♥♦ ♦+❜✐$❡ ❛$$♦+♥♦ ❛❞ ❡,,✐✳
❙♦♥♦ ,$❛$✐ ✐♥❞✐✈✐❞✉❛$✐ ♥✉♠❡+♦,✐ ♦❣❣❡$$✐ ♦+❜✐$❛♥$✐ ❛$$♦+♥♦ ❛ ♣✉♥$✐ ❧❛❣+❛♥❣✐❛♥✐✿ ✐ ♣✐:
❢❛♠♦,✐ ,♦♥♦ ❣❧✐ ❛,$❡♦+✐❞✐ ❚+♦✐❛♥✐ ❞❡❧ ❝❛♠♣♦ ❣+❡❝♦ ❡ ❞❡❧ ❝❛♠♣♦ $+♦✐❛♥♦✱ ❝❤❡ ♦+❜✐$❛♥♦
❛$$♦+♥♦ ❛✐ ♣✉♥$✐ $+✐❛♥❣♦❧❛+✐ ✭+✐,♣❡$$✐✈❛♠❡♥$❡ ▲✹ ❡❞ ▲✺✮ ❞❡❧ ,✐,$❡♠❛ ❙♦❧❡✲●✐♦✈❡✳
✶✶
❈❛♣✐$♦❧♦ ✸
❙■❙❚❊▼■ ❇■◆❆❘■ ❊
❉❊❚❊❘▼■◆❆❩■❖◆❊ ❉❊▲▲❊
▼❆❙❙❊
▲❛ "❡$③❛ ❧❡❣❣❡ ❞✐ ❑❡♣❧❡$♦ ✭✷✳✶✽✮ ♣❡$♠❡""❡ ❞✐ ❞❡"❡$♠✐♥❛$❡ ❧❛ ♠❛55❛ "♦"❛❧❡ M ❞✐ 5✐5"❡✲
♠✐ ❜✐♥❛$✐ ♣❡$ ✐ 8✉❛❧✐ 5✐❛ ♣♦55✐❜✐❧❡ ❞❡"❡$♠✐♥❛$❡ ✐❧ ♣❡$✐♦❞♦ ❞✐ $♦"❛③✐♦♥❡ T ❡❞ ✐❧ 5❡♠✐❛55❡
♠❛❣❣✐♦$❡ ✭✐❧ $❛❣❣✐♦✱ ♥❡❧ ❝❛5♦ ❞✐ ♦$❜✐"❡ ❝✐$❝♦❧❛$✐✮✳
❖✈❡ 5✐ ♣♦55❛ 5"✐♠❛$❡ ❛♥❝❤❡ ✐❧ $❛♣♣♦$"♦ "$❛ ❧❡ ♠❛55❡✱ 8✉❡5"❡ ♣♦55♦♥♦ ❡55❡$❡ ❞❡"❡$♠✐✲
♥❛"❡ 5✐♥❣♦❧❛$♠❡♥"❡✳
◆❡❧ ❝❛5♦ ❞✐ 5"❡❧❧❡ ❜✐♥❛$✐❡ ✈✐'✉❛❧✐ ✭✜'✐❝❤❡✮✱ ✐❧ 5❡♠✐❛55❡ a 5✐ ❞❡"❡$♠✐♥❛ ♠✐5✉$❛♥❞♦
❧❛ ❞✐5"❛♥③❛ d ❡ ❧❛ 5❡♣❛$❛③✐♦♥❡ ❛♥❣♦❧❛$❡ ♠❛55✐♠❛ α̃ ❡ 5"✐♠❛♥❞♦ ❧✬✐♥❝❧✐♥❛③✐♦♥❡ i "$❛ ❧❛
♥♦$♠❛❧❡ ❛❧ ♣✐❛♥♦ ❞✐ $♦"❛③✐♦♥❡ ❡ ❧❛ ❧✐♥❡❛ ❞✐ ✈✐5"❛✿
a = α̃d/ cos i
▲✬❛♥❞❛♠❡♥"♦ "❡♠♣♦$❛❧❡ ❞✐ α̃ ♣❡$♠❡""❡ ❞✐ ♠✐5✉$❛$❡ ✐❧ ♣❡$✐♦❞♦ T ✱ ♦""❡♥❡♥❞♦ ✐♥✜♥❡✿
M = m1 + m2 =
4π2α̃3d3
GT 2 cos3 i
❙❡ ♣♦✐✱ ❞❛❧❧❡ ♦))❡*✈❛③✐♦♥✐✱ )✐ *✐❡)❝❡ ❛❞ ✐♥❞✐✈✐❞✉❛*❡ ✐❧ ❝❡♥0*♦ ❞✐ ♠❛))❛ ❡❞ ❛ )❝♦♠♣♦**❡
❧❛ )❡♣❛*❛③✐♦♥❡ α̃ ♥❡✐ )❡♠✐❛))✐ ❞❡❧❧❡ ❞✉❡ ♦*❜✐0❡✱ ❞❛❧❧❡ ✭✷✳✶✹✮ )✐ *✐❝❛✈❛♥♦ ❧❡ ♠❛))❡ ❞❡❧❧❡
❞✉❡ ❝♦♠♣♦♥❡♥0✐ ❞❡❧ )✐)0❡♠❛ ✭✐♥ ❜❛)❡ ❛❧❧❛ *❡❧❛③✐♦♥❡ m2/m1 = α̃1/α̃2✮✳
✶✷
❆♥❝❤❡ ♣❡& ❧❡ ❜✐♥❛$✐❡ &♣❡(($♦&❝♦♣✐❝❤❡ ❛ $✐❣❛ ❞♦♣♣✐❛ ( ♣♦**✐❜✐❧❡✱ ❛✈❡♥❞♦ ✉♥❛
❜✉♦♥❛ *2✐♠❛ ❞❡❧❧✬✐♥❝❧✐♥❛③✐♦♥❡ i✱ ♦22❡♥❡&❡ M ❡ ❧❡ *✐♥❣♦❧❡ ♠❛**❡ m1 ❡❞ m2✳ ❚❛❧✐ ❜✐♥❛✲
&✐❡ ♥♦♥ ♣♦**♦♥♦ ❡**❡&❡ &✐*♦❧2❡ ♦22✐❝❛♠❡♥2❡❀ 2✉22❛✈✐❛✱ *❡ ❧❛ ❧✐♥❡❛ ❞✐ ✈✐*2❛ ( ❝♦♥2❡♥✉2❛
♥❡❧ ♣✐❛♥♦ ❞✐ &♦2❛③✐♦♥❡✱ ♦ ❝♦♠✉♥;✉❡ ❧✬✐♥❝❧✐♥❛③✐♦♥❡ i 2&❛ ❧✐♥❡❛ ❞✐ ✈✐*2❛ ❡ ♥♦&♠❛❧❡ ❛❧
♣✐❛♥♦ ❞✐ &♦2❛③✐♦♥❡ ( ❛♠♣✐❛✱ ❧✬❛♥❞❛♠❡♥2♦ ❞❡❧❧❛ *❡♣❛&❛③✐♦♥❡ ❞❡❧❧❡ &✐❣❤❡ *♣❡22&♦*❝♦♣✐✲
❝❤❡ &✐*♣❡22♦ ❛❧❧❛ ♣♦*✐③✐♦♥❡ ❜❛&✐❝❡♥2&✐❝❛✱ ❞♦✈✉2❛ *♦❧♦ ❛❧❧❛ ✈❡❧♦❝✐2< &❛❞✐❛❧❡ ❞❡❧ ❝❡♥2&♦
❞✐ ♠❛**❛ ♣❡&♠❡22❡ ❞✐ *2✐♠❛&❡ ❧❡ ✈❡❧♦❝✐2< ❞✐ &♦2❛③✐♦♥❡ ❞❡❧❧❡ *✐♥❣♦❧❡ ❝♦♠♣♦♥❡♥2✐ ❞❡❧
*✐*2❡♠❛ ✭✉2✐❧✐③③❛♥❞♦ ❡❧ &❡❧❛③✐♦♥✐ ❞❡❧❧✬❡✛❡22♦ ❉♦♣♣❧❡&✮✳
◆❡❧❧✬✐♣♦2❡*✐ ❞✐ ♦&❜✐2❡ ❝✐&❝♦❧❛&✐✱ 2❛❧✐ ✈❡❧♦❝✐2< *♦♥♦ ❞✐&❡22❛♠❡♥2❡ ♣&♦♣♦&③✐♦♥❛❧✐ ❛❧ &❛❣❣✐♦
❞❡❧❧✬♦&❜✐2❛✱ ♣❡& ❝✉✐ ( ♣♦**✐❜✐❧❡ ❞❡2❡&♠✐♥❛&❡ ❧❛ ♠❛**❛ 2♦2❛❧❡ ❞❡❧ *✐*2❡♠❛ ❡❞ ✐❧ &❛♣♣♦&2♦
2&❛ ❧❡ ♠❛**❡ ❞❡❧❧❡ ❞✉❡ ❝♦♠♣♦♥❡♥2✐✱ ❝♦♠❡ ♥❡❧ ❝❛*♦ ♣&❡❝❡❞❡♥2❡✳
v1 = 2πa1/T ❡ v2 = 2πa2/T
v1 = v1r/ sin i ❡ v2 = v2r/ sin i
m1
m2
=
a2
a1
=
v2
v1
=
v2r/ sin i
v1r/ sin i
=
v2r
v1r
M =
T
2πG
(v1r + v2r)
3
sin3 i
◆❡❧❧✬✐♣♦2❡*✐ ♠❡♥♦ ❢❛✈♦&❡✈♦❧❡ ✐♥ ❝✉✐ *♦❧♦ ❧❛ &✐❣❛ ❞✐ ✉♥❛ *✐♥❣♦❧❛ ❝♦♠♣♦♥❡♥2❡ *✐❛ ✐♥✲
❞✐✈✐❞✉❛❜✐❧❡ ✭❛ ❝❛✉*❛ ❞✐ ❡❝❝❡**✐✈❡ ❞✐✛❡&❡♥③❡ ❞✐ ❧✉♠✐♥♦*✐2< 2&❛ ❧❡ ❞✉❡ *2❡❧❧❡✮✱ ♥♦♥ (
♣♦**✐❜✐❧❡ ♦22❡♥❡&❡ ✐ ✈❛❧♦&✐ ❞✐ M ❡❞ ✐❧ &❛♣♣♦&2♦ 2&❛ ❧❡ ♠❛**❡✱ ♠❛ *♦❧♦ ❧❛ ❝✳❞✳ ❢✉♥③✐♦♥❡
❞✐ ♠❛**❛✱ ❝❤❡ ♣❡&♠❡22❡ ❝♦♠✉♥;✉❡ ❞✐ ❡✛❡22✉❛&❡ ❞❡✐ ❝♦♥❢♦♥2✐ ❝♦♥ *✐*2❡♠✐ ❧❡ ❝✉✐ ♠❛**❡
*♦♥♦ *2❛2❡ &✐*♦❧2❡✳
✶✸
❈❛♣✐$♦❧♦ ✹
■▲ ❙■❙❚❊▼❆ ❙❖▲❆❘❊
▲♦ "#✉❞✐♦ ❞❡❧❧❛ ❞✐♥❛♠✐❝❛ ❞❡❧ "✐"#❡♠❛ "♦❧❛-❡ ❝♦"#✐#✉✐"❝❡✱ ❞❛❧❧✬❛❧❜♦-❡ ❞❡❧❧♦ "✈✐❧✉♣♣♦
"❝✐❡♥#✐✜❝♦ ❛✐ ❣✐♦-♥✐ ♥♦"#-✐✱ ✉♥ ❜❛♥❝♦ ❞✐ ♣-♦✈❛ ♣-✐✈✐❧❡❣✐❛#♦ ♣❡- ❛❧❝✉♥❡ #-❛ ❧❡ ♣✐5
❢♦♥❞❛♠❡♥#❛❧✐ #❡♦-✐❡ ✜"✐❝❤❡✿ ❞❛❧❧❛ ♠❡❝❝❛♥✐❝❛ ♥❡✇#♦♥✐❛♥❛ ❡❞ ❛♥❛❧✐#✐❝❛ ❛❧❧❛ -❡❧❛#✐✈✐#:
❣❡♥❡-❛❧❡ ❛✐ ♣✐5 -❡❝❡♥#✐ "#✉❞✐ "✉✐ "✐"#❡♠✐ ❝❛♦#✐❝✐✳
✹✳✶ ❊❧❡♠❡♥(✐ ❝♦,(✐(✉(✐✈✐
■❧ "♦❧❡ = ✉♥❛ "#❡❧❧❛ ♠❡❞✐♦✲♣✐❝❝♦❧❛✱ ❞✐ ❝❧❛""❡ "♣❡##-❛❧❡ ●✷ ❱❀ ❧❛ ♠❛""❛ ✭M⊙✮ = ♣❛-✐ ❛
❝✐-❝❛ 1.99 · 1030 ❦❣✱ -❛❣❣✐♦ ✻✾✺✱✵✵✵ ❦♠✳
●❧✐ ❛❧#-✐ ❝♦-♣✐ ❝♦"#✐#✉❡♥#✐ ✐❧ "✐"#❡♠❛ "♦❧❛-❡ "♦♥♦ ✐ ♣✐❛♥❡#✐ ❡❞ ✐ ❧♦-♦ "❛#❡❧❧✐#✐✱ ✐ ♣✐❛♥❡#✐
♥❛♥✐ ✭❝❤❡✱ ❛ ❞✐✛❡-❡♥③❛ ❞❡✐ ♣✐❛♥❡#✐ ✈❡-✐ ❡ ♣-♦♣-✐✱ ♥♦♥ ❤❛♥♥♦ ♠❛""❛ ❛❞❡❣✉❛#❛ ❛ ✏-✐♣✉✲
❧✐-❡✑ ❧❡ ✈✐❝✐♥❛♥③❡ ❞❡❧❧❛ ♣-♦♣-✐❛ ♦-❜✐#❛ ❞❛ ❛❧#-✐ ❝♦-♣✐✱ ♣♦#❡♥③✐❛❧♠❡♥#❡ ❝♦❧❧✐❞❡♥#✐✮✱ ❝♦-♣✐
♠✐♥♦-✐ ✭❛"#❡-♦❞✐✱ ❝♦♠❡#❡✮✳
▲❛ ❞✐"#-✐❜✉③✐♦♥❡ -❛❞✐❛❧❡ ❞✐ #❛❧✐ ❝♦"#✐#✉❡♥#✐ ✈❡❞❡✿
• #-❛ ✵✳✸✽ ❡ ✶✳✺✷ ❆❯✱ ✐ ♣✐❛♥❡#✐ ✐♥#❡-♥✐❀
• #-❛ ✶✳✺✷ ❡ ✺✳✷ ❆❯✱ ❧❛ ❢❛"❝✐❛ ❞❡❣❧✐ ❛"#❡♦-✐❞✐❀ ♥♦#❡✈♦❧✐ "♦♥♦ ✐♥♦❧#-❡ ❣❧✐ ❛"#❡-♦✐❞✐
❝✳❞✳  !♦✐❛♥✐✱ ❝❤❡ ♦-❜✐#❛♥♦ ❛##♦-♥♦ ❛❞ ✉♥ ♣✉♥#♦ ❞✐ ❧✐❜-❛③✐♦♥❡ #-✐❛♥❣♦❧❛-❡ ❞❡❧
"✐"#❡♠❛ ❙♦❧❡✲●✐♦✈❡❀
• #-❛ ✺✳✷ ❡ ✸✵ ❆❯✱ ❝✐ "♦♥♦ ✐ ♣✐❛♥❡#✐ ❡"#❡-♥✐✱ ♦ ❣✐❣❛♥#✐❀
• #-❛ ✸✵ ❡ ✺✵ ❆❯✱ ❧❛ ❢❛"❝✐❛ ❞✐ ❑✉✐♣❡-✱ ❝♦♠♣-❡♥❞❡♥#❡ ♣✐❛♥❡#✐ ♥❛♥✐ ❝♦♠❡ U❧✉#♦♥❡
❡ U❧✉#✐♥♦
• #-❛ ✺✵ ❡ ✶✵✵✵ ❆❯✱ ♦❣❣❡##✐ ❞❡❧ ❞✐"❝♦ ❞✐✛✉"♦❀
✶✹
• ♦❧"#❡ ✶✵✵✵ ❆❯✱ ❧❛ ♥✉❜❡ ❞✐ ❖♦#"✱ ✉♥❛ 1❤❡❧❧ ♣#❡11♦❝❤5 1❢❡#✐❝❛ ❞✐ ❝♦♠❡"❡ ❞✐ ❧✉♥❣♦
♣❡#✐♦❞♦ ✭✜♥♦ ❛❞ ✉♥ ❛♥♥♦✲❧✉❝❡ ❡❞ ♦❧"#❡✱ ❝✐♦< ❝✐#❝❛ 1/4 ❞❡❧❧❛ ❞✐1"❛♥③❛ ❞❛ >#♦①✐♠❛
❈❡♥"❛✉#✐✮✳
■❧ ♠♦"♦ ❞❡❣❧✐ ♦❣❣❡""✐ ❛♣♣❛#"❡♥❡♥"✐ ❛❧ ❙1✐1"❡♠❛ ❙♦❧❛#❡ ♦❜❜❡❞✐1❝❡ ❛❧❧❡ ❧❡❣❣✐ #✐❝❛✈❛"❡
♥❡❧ ❝❛♣✐"♦❧♦ ♣#❡❝❡❞❡♥"❡✳
■♥ ♣❛#"✐❝♦❧❛#❡✱ ✐❧ ♠♦"♦ ❞❡✐ ♣✐❛♥❡"✐✱ ❞❡1❝#✐""♦ ❞❛❧❧❡ "#❡ ▲❡❣❣✐ ❞✐ ❑❡♣❧❡#♦✱ < 1♣✐❡❣❛"♦
❞❛✐ #✐1✉❧"❛"✐ ❞❡❧ >#♦❜❧❡♠❛ ❞❡✐ ❉✉❡ ❈♦#♣✐ ❣#❛✈✐"❛③✐♦♥❛❧❡✳
■♥ "❛❜❡❧❧❛ 1♦♥♦ #✐♣♦#"❛"✐ ❣❧✐ ❡❧❡♠❡♥"✐ ♦#❜✐"❛❧✐ ♣#✐♥❝✐♣❛❧✐ ❞❡❣❧✐ ✽ ♣✐❛♥❡"✐✳
>■❆◆❊❚❆ ❛✭❆❯✮ ❡ ✐✭◦✮ ❚✭❙✳❨✳✮ M(1024kg) M(M⊙)
▼❊❘❈❯❘■❖ ✵✳✸✽✼✶ ✵✳✷✵✺✻ ✼ ✵✳✷✹✵✽✹ ✵✳✸✸✵✷✷ 1.59 · 10−7
❱❊◆❊❘❊ ✵✳✼✷✸✸ ✵✳✵✵✻✽ ✸✳✸✾ ✵✳✻✶✺✶✽ ✹✳✽✻✾✵ 2.45 · 10−6
❚❊❘❘❆ ✶ ✵✳✵✶✻✼ ✵ ✵✳✾✾✾✾✽ ✺✳✾✼✹✷ 3.00 · 10−6
▼❆❘❚❊ ✶✳✺✷ ✵✳✵✾✸ ✶✳✽✺ ✶✳✽✽✵✼✶ ✵✳✻✹✶✾✶ 3.23 · 10−7
●■❖❱❊ ✺✳✷✵✸ ✵✳✵✹✽ ✶✳✸ ✶✶✳✽✺✻✺✷ ✶✽✾✽✳✽ 9.54 · 10−4
❙❆❚❯❘◆❖ ✾✳✺✹ ✵✳✵✺✹ ✷✳✹✾ ✷✾✳✹✷✸✺✷ ✺✻✽✳✺ 2.86 · 10−4
❯❘❆◆❖ ✶✾✳✶✾ ✵✳✵✹✼ ✵✳✼✼ ✽✸✳✼✹✼✹✶ ✽✻✳✻✷✺ 4.35 · 10−5
◆❊❚❚❯◆❖ ✸✵✳✵✼ ✵✳✵✵✽ ✶✳✼✼ ✶✻✸✳✼✷✸✷✶ ✶✵✷✳✼✽ 5.16 · 10−5
✶ ❆❯ ✭❆1"#♦♥♦♠✐ ❯♥✐"✮ ❂ ❞✐1"❛♥③❛ ♠❡❞✐❛ ❚❡##❛✲❙♦❧❡ ❂ ✶✹✾✳✻ ♠✐❧✐♦♥✐ ❞✐ ❦♠❀ ✶ ❧✳②✳
✭❛♥♥♦✲❧✉❝❡✮ ≈ ✻✸✱✷✹✶ ❆❯✳
✶ ❙✳❨✳ ❂ ✶ ❛♥♥♦ 1✐❞❡#❛❧❡ ❂ ✸✻✺ ❞ ✺ ❤ ✹✽ ♠✐♥✳
✹✳✷ ❙$❛❜✐❧✐$) ❡ ❝❛♦$✐❝✐$) ❞❡❧❧❡ ♦.❜✐$❡
❘✐♠❛♥❡ ❞❛ ✈❡#✐✜❝❛#❡ 1❡ ❧❡ ❛""✉❛❧✐ ♦#❜✐"❡ 1✐❛♥♦ 1"❛❜✐❧✐ ♦ ♠❡♥♦✱ ✐♥ ❝♦♥1✐❞❡#❛③✐♦♥❡ ❞❡❣❧✐
❡✛❡""✐ ❞❡❧❧❡ ✐♥"❡#❛③✐♦♥✐ ❣#❛✈✐"❛③✐♦♥❛❧✐ #❡❝✐♣#♦❝❤❡ "#❛ ✐ ♣✐❛♥❡"✐✱ ♥❡❧ ❧✉♥❣♦ ♣❡#✐♦❞♦✳
❱❛ ♣#❡♠❡11♦ ❝❤❡ ❛♥❝❤❡ ♥❡❧❧✬❛♠❜✐"♦ ❞❡❧ ♣#♦❜❧❡♠❛ ❞❡✐ "#❡ ❝♦#♣✐ ❝✐#❝♦❧❛#❡ #✐1"#❡""♦
♣♦11♦♥♦ ❡♠❡#❣❡#❡ ♦#❜✐"❡ ❝❛♦"✐❝❤❡✱ "❛❧✐ ❝✐♦< ❞❛ ♥♦♥ ❡11❡#❡ ♣❡#✐♦❞✐❝❤❡ ❡ ❞❛ "❡♥❞❡#❡ ❛
#✐❡♠♣✐#❡ ✈❛1"❡ ③♦♥❡ ❞❡❧❧♦ ❙♣❛③✐♦ ❞❡❧❧❡ ❋❛1✐✳
❚✉""❛✈✐❛✱ ✐❧ ❝♦♠♣♦#"❛♠❡♥"♦ ❝❛♦"✐❝♦ ♥♦♥ ✐♠♣❧✐❝❛ ♥❡❝❡11❛#✐❛♠❡♥"❡ ✐❧ #✐❡♠♣✐♠❡♥"♦
♣#❡11♦❝❤5 ❝♦♠♣❧❡"♦ ❞❡❧❧♦ ❙❞❋ ♦ ❧❛ ❞✐✈❡#❣❡♥③❛ ❛❧❧✬✐♥✜♥✐"♦ ❞❛❧❧❛ #❡❣✐♦♥❡ ✐♥✐③✐❛❧♠❡♥"❡
♦❝❝✉♣❛"❛ ♥❡❧❧♦ ❙❞❋✱ ✐♥ `✉❛♥"♦ ❧❛ ❞✐♥❛♠✐❝❛ ♣♦"#❡❜❜❡ ❧✐♠✐"❛#1✐ ❛ #✐❡♠♣✐#❡ ❞❡♥1❛♠❡♥"❡
✉♥✬✐♥"♦#♥♦ ❞❡❧❧❛ #❡❣✐♦♥❡ ✐♥✐③✐❛❧❡ 1"❡11❛✳
▲❛ 1"❛❜✐❧✐"a ❞❡❧ 1✐1"❡♠❛ 1♦❧❛#❡ ♣✉b ❡11❡#❡ ✐♥❞❛❣❛"❛ ♥❡❧❧✬❛♠❜✐"♦ ❞❡✐ ♠❡"♦❞✐ ♣❡#"✉#❜❛✲
"✐✈✐✱ ♣❡# ✈✐❛ ❛♥❛❧✐"✐❝❛ ♦♣♣✉#❡ ♥✉♠❡#✐❝❛✳
■❧ ♠❡"♦❞♦ ❛♥❛❧✐"✐❝♦ 1✐ #✐❢a ❛❧❧❡ ❊`✉❛③✐♦♥✐ >❧❛♥❡"❛#✐❡ ❞✐ ▲❛❣#❛♥❣❡✱ ✐♥ ❝✉✐ ❧❛ ❢✉♥③✐♦♥❡
♣❡#"✉#❜❛♥"❡ R ✭U = U0 +R ♦✈✈❡#♦ H̃ = H̃0 + H̃1✱ ❝♦♥ H̃1 = −R✮ < ❝❛❧❝♦❧❛"❛ ❝♦♠❡
✶✺
 ♦♠♠❛ ❞✐  ♦❧✐ '❡)♠✐♥✐  ❡❝♦❧❛&✐✱ ♦  ✐❛ ❡✣❝❛❝✐  ♦❧♦  ✉ '❡♠♣✐ ❧✉♥❣❤✐✳
❚✐)❛♥❞♦ ❧❡  ♦♠♠❡ ❞✐ 4✉❡ '♦ ♠❡'♦❞♦✱ ✐❧  ✐ '❡♠❛  ♦❧❛)❡  ❛)❡❜❜❡  '❛❜✐❧❡ ❡❞ ✐ ♣❛)❛♠❡')✐
♦)❜✐'❛❧✐  ✉❜✐)❡❜❜❡)♦  ♦❧♦ ♣✐❝❝♦❧❡ ✈❛)✐❛③✐♦♥✐ ❛♥❝❤❡ ✐♥ '❡♠♣✐ ❧✉♥❣❤✐✳
▲❡ ✈❡)✐✜❝❤❡ ♥✉♠❡)✐❝❤❡  ♦♥♦  '❛'❡ ❡✛❡''✉❛'❡✿
✶✳ ✐♥'❡❣)❛♥❞♦ ❧❡ ❡4✉❛③✐♦♥✐ ❞❡❧❧❡ ♦)❜✐'❡✱ ❝♦♥  '❡♣ '❡♠♣♦)❛❧✐ ❞✐ ❝✐)❝❛ ✹✵ ❣✐♦)♥✐ ♣❡) ✐
♣✐❛♥❡'✐ ❡ '❡)♥✐ ❡ ❞✐ ❝✐)❝❛ ✽ ♣❡) 4✉❡❧❧✐ ✐♥'❡)♥✐ ✭❙✉  ♠❛♥ ❡ ❲✐ ❞♦♠✱ ▼■❚ ✶✾✾✶✮❀
✷✳ ✐♥'❡❣)❛♥❞♦ ❧❡ ❡4✉❛③✐♦♥✐ ♣❧❛♥❡'❛)✐❡ ❝♦♠♣❧❡'❡ ❞❡✐ '❡)♠✐♥✐ )✐ ♦♥❛♥'✐ ❡ ❛ ❜)❡✈❡
'❡)♠✐♥❡✱ ❝♦♥ ❝❛❧❝♦❧✐ ♠♦❧'♦ ♣✐I ✐♠♣❡❣♥❛'✐✈✐ ❡ ♣❛  ✐ '❡♠♣♦)❛❧✐ ♣✐I ❧✉♥❣❤✐ ✲ ❝✐)❝❛
✺✵✵ ❛♥♥✐ ✭▲❛ ❦❛)✱ ❇❞▲ N❛)✐❣✐ ✶✾✾✶✮✳
❈♦♠♣❧❡  ✐✈❛♠❡♥'❡✱ ✐ )✐ ✉❧'❛'✐ ✐♥❞✐❝❛♥♦✿
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